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1. Logic

Definition 1.1: Logic is the study of the principles of correct reasoning.

This requires:
e an unambiguous language in which we can formulate statements
e a mathematical framework to determine the truth of a statement

Definition 1.2: A logical gyllogism is an example of correct reasoning.
For example:

All beings are mortal;
All humans are beings;
Therefore all humans are mortal.

2. Propositional logic

2.1. Syntax

Definition 2.1.1: Basic sentences in propositional logic are atomic propositions.

For example, a : Alice is an architect.

Definition 2.1.2: Compound sentences can be formed by logical connectives: —

(negation), V (disjunction), A (conjunction).

e.g. —a; aVb.

Ezample:
{—c,aVbb—c}lEa

“E” means “entails”; we have some propositions and we draw a conclusion.

Definition 2.1.3: Let X ={z,,z,,...} be a countably infinite set of
propositional variables.

Formulas of propositional logic are defined inductively:

1. (basis clause) true,false and every propositional variable x are propositional formulae

3. (inductive clause) If F,G are formulae, then so are —F (negation), F'VG
(disjunction, with F' and G the disjuncts), and F' A G (conjunction, with F' and G the
conjuncts)

5. (extremal clause) Nothing else is a formula
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Remark: The extremal clause of the above definition ensures that the set of propositional
formulae is the minimal set that satisfies the basis and inductive clauses.

Definition 2.1.4: There are some derived connectives:

o implication: F' — G := =F A G. Here F' is the antecedent and G is the consequent
e bi-implication: F' <+ G := (F - G) A (G = F)

o Exclusive-OR: F&® G := (FA—-G)V (—F A G)

o Indexed conjunction: /\?:1 E:=(.(ENE)NE)AN...A\NE)

o Indexed disjunction: \/" F = (..(FLVE)V E)V..VF,)

Definition 2.1.5: The set of all formulae of proposition logic over X is denoted by & (X).

Definition 2.1.6: The operate precedence for propositional logic is:

VA € ¢ <« 5 < AV < -

% A
Definition 2.1.7: A literal is an atomic proposition or its negation.

Definition 2.1.8: We say that F' is in conjunctive normal form (CNF) if

3

F= /\ Li,j7
i=1j=1
where each L, ; is a literal.
F' is in disjunctive normal form (DNF) if F’
m;
F=\/ AL

i=1 j=1

-
<
Il

Definition 2.1.9: F'is in k-CNF if it is in CNF, and all the m;s are equal to some fixed k.
F is in k-DNF if it is in DNF with all the m;s equal to fixed k.

Remark: Normal forms are particularly well-suited for algorithmic treating.
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Definition 2.1.10: Functions on formulae of propositional logic are uniquely defined by
specifying the function values for “base cases” and “inductive steps”, following the cases
in Definition 2.1.3. Such a definition is said to use structural induction.

a formula F'.

Ezxample: Suppose we want to define a function that returns the set of all subformulae of

We define sub : F(X) — P(F (X)) using structural induction,
sub(true) := {true}
sub(false) := {false}
sub(z) := {z}
sub(—F) := sub(F) U {—-F}
sub(F A G) :=sub(F) Usub(G) U{F A G}
sub(F V G) := sub(F') Usub

(G)U{FV G}

2.2. (Tarski-style) semantics

Definition 2.2.1: An assignment is a function A : X — {0,1} that induces a function
A:F (X) — {0,1}. That is A maps propositional variables to truth values, and A maps

formulae to truth values.

We define A using structural induction.

A(false) == 0;
Altrue) :==1;

A(z) := A(z) for every z € X;

0 otherwise;

ﬁwAGyz{é

ﬁwvayz{é

if A(F)=1and A(G) =1
otherwise;

if AF)=1or AG)=1
otherwise.

Note that we define 4 in a kind of meta language - the “and” and “or” here are not the

same as in propositional logic.

From now we write A instead of A for convenience.

Remark: We can construct truth tables for logical and derived connectives in the obvious

manner. Implication may be surprising:
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a b a—b

true | true | true

true | false | false

false | false | false

false | true | true

In particular this means that you can use false to show anything to be true, i.e. we should
start with true assumptions when trying to prove something (obviously).

Definition 2.2.2: Let F,G € F(X),8§ C F(X) and A : X — {0,1}. Then

1. If A(F) =1 then AF F (“A is a model of F”, or “F holds under A”).

2. If AF F for all F € &, then we write AF S (“A models §”)

3. F is satisfiable is there is some A : X — {0,1} s.t. A(F) =1, or AF F. Otherwise, F
is unsatisfiable.

4. If F holds under any assignment, we say that F' is valid, or that F' is a tautology.

5. If, for all assignments A, A F § implies A F F' for some F' (not neccessarily an F € §
from statement 2), then § entails F', written § = F. We write G  F' if {G} £ F.

6. If F EG and G E F, then F and G are logically equivalent, F' = G.

7. If F is satisfiable iff G is satisfiable, then F' and G are equisatisfiable.

Example:
{z,z = y}Ey
r=(y—=2)=(xAhy) — 2

x V y is equisat with (z V 2) A (y V —2)

Ezample (Encoding constraint satisfaction problem - Hamiltonian path problem): For
undirected graph G := (V, E), is there a path visiting every vertex exactly once?

Introduce propositional variables z; ; expressing whether a Hamiltonian path visits vertex
i at time j in a Hamiltonian path.

5 of 29




TT2026 Introduction to Proof Systems notes | https://www.sophia.fish/lecture-notes/

Then F} A E, A F3 A Fy iff G has a Hamiltonian path.

This is a practical example of why satisfiable is an important concept.

Remark: This is nonconstructive, and also uses the law of the excluded middle; some
claim that using the law of the excluded middle for nonconstructive proofs is invalid.

.3. Minimal calculus (minimal logic)

Definition 2.3.1: The minimal calculus, M, consists of a finite number of axioms:
o« PLi:A— (ANA)

e PL,:(AANB)— (BAA)

e PLy: (A— B)—=[(ANC)— (BACQ)]

e PL,:[[A—-B)—» (B—-C)|]— (A—C)

e« PL,:B— (A— B)

e« PLy:(AN(A— B))—» B

e« PL,:A— (AV B)

e PLg:(AVB)— (BVA)

e« PLy:[(A—-C)AN(B—C)]—=[(AVB)—C]
e PLij:[(A->B)AN(A——-B)]——-A

We also have a single inference rule, modus ponens: From A and A — B, infer B.

Remark: Modus ponens is basically PLg, but it allows us to actually perform pattern-
matching on the proof and reduce it.

Remark: All of the axioms are also valid formulae in Tarski-style semantics

Remark: Implication needs to be a primitive in the minimal logic, so that we can deal
very carefully with negation.

Remark: The subscript 0 in M, indicates that this is a propositional logic (as opposed
to, e.g., predicate logic)
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Definition 2.3.2: A derivation in the minimal calculus is a finite sequence of formulae
Ay, ..y Ay, each A; being either an axiom, or obtained from A, Ay, j, k < i by application
of modus ponens. If some A, is neither an axiom nor MP-derived, it is a hypothesis.

We write Fyy B if B is derivable; then B is a theorem or provable in M.

Ezample:

FC (hypothesis)

FC — (D—C) (PL;)

FD—C (MP1,2)

F(D—C)— [(D— D)— (CAD) (PLj)
F(DAD)— (CAD) (MP3,4)

D — (DAD,) (PL,)

FD (hypothesis)

FDAD  (MP6,7)

FCAD  (MP5,2)

© 0N otE WD

This gives us a new proof rule, conjunction introduction:

Aintro : If g, € and by D then by, C' A D.

Example:

. A — B (hypothesis)

. B— C (hyp)

- (A= B)A (B = C) (Atro (1, 2))

. [(A=B)A(B—(C)] = (A— C) (PL4)
. A— C (MP (3, 4))

T W N~

This gives us a new rule, transitivity of implication,

—rans: HFy, A = Bandby B — C thenty A — C.

Definition 2.3.3: Ex falso quodlibet (“from falsehood, anything follows”) is the principal

that =A — (A — B), i.e. anything is provable from a false hypothesis.

Definition 2.3.4: Tertium non datur (“no third [possibility] is given”) is the law of the
excluded middle, =——A — A (equivalently, A A =A is a tautology).

Remark: Not every valid statement in Tarski-style semantics is derivable using the
minimal calculus.

In particular, it is not possible to derive ex falso quodlibet or tertium non datur.
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Proposition 2.3.5: ¥y =4 — (A — B)

Proof: Let h: F(X) — {0,1} be such that:

e Propositional and template variables are given an arbitrary but fixed value

e h(=F)=0

e The remaining logical connectives are reduced inductively according to the
following table

h(F) | h(G) [hEFEAG) [MEV G [hEF = 6)

=il Il el Nan)

0
1
0
1

el Bl el K=
oo~ O

1
0
0
0

Then choose h such that h(A) = 0,h(B) = 1, and observe that all aaxioms of M,
evaluate to 0 under h, while h(-A — (A — B)) = 1.

Observe also that if h(A) = h(A — B) = 0, then applying modus ponens to get B
must have h(B) = 0, otherwise h(A — B) would evaluate to 1 by the definition of A.

Therefore, starting from axioms and using modus ponens, we cannot create a formula
F that evaluates to 1 under h; therefore =A — (A — B) is not derivable from the
axioms and modus ponens. O

Definition 2.3.6: If we add ex falso quodlibet as an extra axiom, PL11 =A — (A — B),
then we get intuitionistic logic, denoted J;,.

If we add tertium non datur, the law of the excluded middle, as a 12th axiom, we get
classical logic, denoted K.

Theorem 2.3.7: For any formula F, F F' (F is valid) iff by F.
<= is soundness and is simple.
= is completeness and is more difficult to prove.

2.4. Equational reasoning

Idea: substitute subformulae by equivalent ones, according to the axioms of Boolean algebras.

Definition 2.4.1: A Boolean algebra is a structure that satisfies the following axioms:
e« AVA=A

AN A= A (idempotence)

ANB=BAA

AV B = BV A (commutativity)

(AABYAC=AN(BAC)
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e« (AVB)VC=AV (BVC(C) (associativity)

AN(AVB)=A

e AV (AN B)= A (absorption)
AN(BVC)=(AANB)V(AANQ)

e« AV(BAC)=(AV B)A(AVC) (distributivity)

e == A = A (double negation)

e« (ANB)=-AV-B

e 7(AV B)=—-ANA—-B (de Morgan)

o AV-A=true

e AN-A = false (complementation)

o AV true = true

o AN false = false (zero laws)

e« AVfalse= A

o A A true = A (identity laws)

Remark: Sets form a Boolean algebra.

Definition 2.4.2: We write G[F'/H| to mean the formula obtained from G by replacing
every occurrence of H in G by F.

This is a substitution.

Formally, G[F/H] := F if G = H. For F #+ H, we proceed by structural induction:
o Base case: z[F/H]:=z for all z € X

Inductive steps:

» (~G)[F/H] = ~(G[F/H])

> (G AGy)[F/H] = (Gi[F/H]) A (Gy[F/H])

> (G V Gy)[F/H] = (G\[F/H]) V (Gy[F/H])

Theorem 2.4.3 (Substitution theorem): Let F,G,G’, H be formulae s.t. G’ = G[F/H]
and FF'= H, then G’ =G.

Proof: By structural induction on G.
If G = H then G[F/H] = F = H, hence G’ =G.

Otherwise:

e If G =z, then G’ = z, hence G = G’

o If G=-J, then G’ = G[F/H| = —(J[F/H]), by inductive hypothesis, = —J’
where J' = J

¢ Conjunction and disjunction follow similarly.
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Definition 2.4.4: A proof by equational reasoning of F' = G is a sequence Fi, ..., F;, such
that F; = F, F, = G, and F,, is obtained from F; by a substitution according to the
Boolean algebra axioms.

Theorem 2.4.5 (soundness): If we have an equational proof starting in F' and ending in
G, then F = G.

Proof: Consequence of the substitution theorem. O

Definition 2.4.6: A formula is in negation normal form if negation appears only in front

of propositional variables.

Lemma 2.4.7: Every formula can be transformed into DNF by equational reasoning.
Proof:

We exhaustively apply de Morgan’s laws, and rewrite —true = false and —false =
true. This gives us the negation normal form of F.

Then we exhaustively apply distributivity and the identity laws.

We can then reintroduce any variables z; that were eliminated, by replacing any
disjunct D with (D Az;)V (D A —z;). Thus we obtain a canonical (up to disjunct
ordering) DNF for the formula. O

Theorem 2.4.8 (comleteness): If F' = G, then there is an equational proof starting in F
and ending in G.

Proof: Given F,G s.t. F' = G, then F and G have the same truth table, hence the
same DNF H. Then we apply Lemma 2.4.7 to F' to obtain H by proof P, and to G
to obtain H by proof P,.

Then the equational proof of F' = G is P, concatenated with the reverse of F,. O

2.5. Resolution

Use formulae in CNF, presented as sets.

clause
—— e

E.g. if F = (p; V—py) A (D3 V —ps VDs) A (—py).

clause
— e

We represent this as < {p, 0o}, {P3, ~P4,P5}, {702}

We represent the empty clause as (0 = false. {0} = false, {} = true.
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Remark: The set representation naturally expresses commutativity, associativity and
idempotence.

Definition 2.5.1: Given literal L, we define

- J-p ifL=p
L_{p if L =—p.

Definition 2.5.2: Let C}, C, be clauses s.t. L € C; and L € C,. Then the resolvent of C;
and G, is

R=(C\{L}HU (Cz \ {E})
GG

We say that R is derived by resolution from C; and Cj; we write R

Definition 2.5.3: A derivation (or proof) of a clause C' from the set of clauses F' is a

sequence C}, ...,C, . of clauses such that

« C,=C

e For each 1 < i <m, either C; € F' (an assumption), or C; is the resolvent of C; and Cy,
for some j # k, j, k < i.

Definition 2.5.4: A derivation of [J demonstrates a refutation of F'.

Remark: To show that § F F, we can demonstrate a refutation of § U {—F'}.

Definition 2.5.5: Given F', define

Res(F) = FU{R | R is a resolvent from two clauses in F'}.
Also define Res?(F) = F; Res™ (F) = Res(Res"(F)).
Also Res™(F) =J _ Res"(F). Note that this is computable in finite time. TODO is it?

Proposition 2.5.6: C € Res*(F) iff there exists a resolution derivation of C' from F.

Lemma 2.5.7 (Resolution lemma): If R is the resolvent of C;, C, € F, then F = F U {R}.
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Proof: F = F U{R} if we have that A F F iff A F F U {R}.
«: If AF FU{R}, then clearly AF F.

=: Let AFF, R={C, \ {L}} U {CQ \ {E}} Then we have two cases:
1. AE L, then since A F C,, we have A F C, \ {E} Hence A F R.
2. Ak —L, then since A F C;, we have A F C, \ {L}, so AF R.

Theorem 2.5.8 (soundness): If [0 can be derived by resolution from F', then F' is
unsatisfiable.

Proof: By induction on the length of the resolution proof.
F=F =..=F, =0= false. O

Theorem 2.5.9 (completeness): If F' is unsatisfiable, then O can be derived from F' by
resolution.

Proof: By induction on the number of propositional variables that appear in F, n.
If n =0, then F = {O}. Trivial.
Then suppose true for n, and consider n + 1.

F mentions prop. vars. py, ..., p, ;. Let Fy = F[false /p,.|, F; = F[true /p,.4].

Since F' is unsatisfiable, both F; and F] are unsatisfiable. By the inductive hypothesis,
we have Cy, C}, ...,C,, = [ being a refutation of K.

Note that C; or C; U {p,,,} are already in F. By reintroducing p,,;, we either
obtain a proof of O, or of p,, ;.

In the latter case, we can apply the same reasoning to F; and obtain a proof of
—P,4+1- Then the final resolution step gives us O. O

Remark: Constructing equivalent CNF formulae can be expensive. But because resolu-
tion only checks unsatisfiability, we only need an equisatisfiable formula.

Give F', do the following:

e Introduce fresh prop. vars for every subformula G of F, whenever GG is not a literal;
call it x4

o Introduce z4 <> G’, where G’ is G, with the top-level subformulae replaced by the new
prop. vars.

o Use equational transformation to transform all of the z4 <+ G’s into CNF

12 of 29



TT2026 Introduction to Proof Systems notes | https://www.sophia.fish/lecture-notes/

o The final formula is all new CNF formulae, plus zp.

Ezample: Consider the formula F' = —(p A ¢) A r. The subformulae of F', excluding literals,

are {-(pAg)Ar,—~(pAq),pAq}. Then we introduce new propositional variables zp,
T (prg)» Tpng» and say that:

* Tp & Topag) AT

e I )<—>_‘I

~(pAg
* Ty SFPAQ

PAgQ

We then transform these into CNF:

(ﬁmF v (xﬁ(mq) A T)) A (ﬁ(mﬁ(mq) A T) v xF)
= (—m:F v mﬁ@Aq)) A(—zpVr)A (—wvﬁ(p/\q) VorV :EF)

(xﬁ(p/\q) — _'mpAq) A (_'prq — T

—~

p/\q)) = (ﬁxﬁ(pArJ) v _‘xp/\Q) A (a:p/\q v wﬁ(p/\q))
(xp/\q - (p A q)) A ((p A q) - ‘rp/\q) = (_'l'p/\q V (p A q)) A (_'(p A q) \% xp/\q)

= (_'xp/\q v p) A (_'xp/\q v q) A (—'p VgV xp/\q)

and combine them all with z to get:

{
{xF}a

{_'xp/\(pp}? {_‘.Tp/\q, Q}7 {_'p7 _'Q7 wp/\q}?
{_'xﬁ(p/\q)’ _'xp/\q}’ {$pAq’ xﬁp/\q}v

{_'xf’ Z—(prq) }’ {~zp,r}, {_‘xﬁ(mq) , T, xF}

2.6. Natural deduction

Definition 2.6.1: The calculus of natural deduction has no axioms. Proofs begin by
assumptions, and we use rules for Boolean connectives. A proof is a tree.

Temporary assumptions that are discharged are denoted by square brackets in the proof rules.
If, at the end of a proof, all assumptions are discharged, the proof is valid.

Definition 2.6.2: The natural deduction rules are as follows:

« Conjunction introduction:

A B/\
ANB

I
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Conjunction elimination:

A/\B/\E ANB

A B

AE

Disjunction introduction:

AVI B

AV B AV B

VI

Disjunction elimination:

This says that, in order to derive C from A V B, it is sufficient to derive C from A and
also C from B. Then both assumptions [A] and [B] are discharged. This is informally
proof by cases.

Implication introduction:

[A]

B

— =1
A— B

Implication elimination:

A—-B A
%
B

E

Negation introduction:

[A]

L B
-A

Negation elimination:
-A A
L

E

o Ex falso quodlibet:

T
D

¢« Reductio ad absurdum:
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Remark: Without LJ or LK, natural deduction is equivalent to Mj; with LJ it is
equivalent to Jy; and with LK, it is equivalent to K.

Definition 2.6.3: A deduction of a formula F' is a finite tree of formulae in which every
leaf is an assumption, and every other formula is the conclusion of an application of one of
the inference rules. The open assumptions of a deduction are those that are not discharged
by any rule in the tree. A deduction of F' with no open assumptions is a proof of F', and
F' is a theorem if such a proof exists.

Remark: Natural deduction is sound and complete.

2.7. Sequent calculus

Definition 2.7.1: A sequent is an expression of the form
14]_7 “eey A’I’l — B]_, oes B

) m?
where the A;s and B;s are propositional forumlae.

Such a sequent is yalid if the following is valid in classical logic:
° Al/\.../\An_>B1\/...\/Bm,ifn,m#o
e BiV..VB,,,ifn=0m+#0

o« 7(A N NA,),Ifn#£0,m=0,
o false otherwise.

The left-hand side of the sequent is the antecedent, and the right-hand side is the
succedent.

Remark: The sequent with an empty antecedent and empty succedent is the
empty sequent and is always invalid, by the last case in the definition above.

Remark: A = A is a tautology/axiom.
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Remark: In declarations of sequent inference rules, we use the Greek letters
LAY I ®,0, A, Z to denote (possibly empty) ordered lists of propositional formulae.

Definition 2.7.2: The inference rules of sequent calculus are either structural rules,

which manipulate the list structure of a sequent, and operational rules, which provide

rules for introducing logical connectives in the antecent or succedent. Inference rules take
one or more premises from which a conclusion is drawn.

Definition 2.7.3: The structural rules are as follows:

o Interchange allows consecutive formulae to be swapped, on both the left and right-
hand sides:

A,A,B,I‘:>@IL F:@,A,B,AIR
A B AT=06 I'=06,B,AA

o Weakening allows formulae to be added to the left or right:

I'=06 WL I'=06 WR

I'A=0 I'=06,A
o Contraction allows duplicate formulae to be merged:

A,A,F:>@CL I'=0,4,A
AT =0 =04

CR

Definition 2.7.4: The operational rules are as follows:

¢ Conjunction:

ATl =0 AL B,T'=0 AL =04 F:>G),B/\R
ANB,T =0 AANB,T =0 '=06,AANB
o Disjunction:

AT =06 B,I‘=>®\/L '=06,A VR I'=06,B VR

AV BIT=6 I'=06,AVEB '=06,AVEB
¢ Conditional:

'=0,A4 BA=A AT =6,B

—L —R
A— BT ,A=0A r=0,A-RB

o Negation:
AT =0

=04 L “R
-A, =0 '=0,-4
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Definition 2.7.5: A proof in the sequent calculus is a finite tree of sequents in which
every leaf is an axiom (A = A), and every other node is obtained from its children (where
children are written above their parent) by an inference rule.

A sequent is provable or derivable if it is the root of such a proof.

Remark: To prove validity of F' in the sequent calculus, we want to obtain an empty
left-hand side, with F' on the right:

Ezample: To prove that (p A q) — p:

_P=DP i,

4P =D )

Pa=pP .

PANG=DP . p
= (pAq)—=p

Ezample: To prove (p — q) — (—q — —p)

P=Dp n
= p, P 9=4q

pP—=q= "p,q

=L
—R
—R

-q¢,p = q="p

p—q=—q¢— P
= (p = q) = (~g — —p))

Theorem 2.7.6: The sequent calculus is a sound and complete proof system for classical
logic.

2.8. The compactness theorem

Theorem 2.8.1 (compactness theorem):
A set of formulae § is satisfiable iff every finite subset of § is satisfiable.
Equivalently, a set of formulae § is unsatisfiable iff there is some unsatisfiable finite 8" C §.

Proof:
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“=": Suppose that § is satisfiable, then there exists A s.t. AF F for all F € §,
hence A F G for all G € 8’ for any finite subset 8" C S.

“<:77:
Define a partial assignment to be a function A :X — {0,1}, where dom(A) =
{z1,...,z, }

We say that a partial assignment A is good if A F F for all F' € § s.t. F' only mentions
the variables in dom(A).

Suppose that every finite subset of § is satisfiable, then for every n, there is a partial

assignment A s.t. dom(A) = {z4,...,x, } that is good:

o Let & € S be all formulae over zy, ..., z,,.

e & might be infinite, but contains only finitely many formulae, up to logical
equivalence.

o Choose representatives for each equivalence class and put them in 8” C 8’, §”
finite.

o By assumption, there is some A such that A F F for all F € 8”. Moreover, A will
satisfy every formula in §’, because they are all logically equivalent to a formula
in 8”

Now we plan to construct a sequence Ay, A;,... of partial assignments that are

good, and such that A, ; extends 4;; that is, dom(A4;) C dom(A;,,), and A;(z;) =

Ay (z;) for all z; € dom(A,).

We do this while maintaining the invariant that, for all n > 0, there are infinitely
many good extensions of A,,.

We construct the A, s by induction on n.

The base case is clear: A is the empty assignment, which vacuously satisfies the
empty subset of &, and there are clearly an infinite number of good assignments that
extend the empty assignment, since every finite subset of § is satisfiable.

Then suppose we constructed Ay, ..., A,,, and consider two assignments B, B’ that
extend A, with B(z,,,)=0,3B(z,,,) = 1. Since A, has infinitely many good
extensions, one of B and B” must have infinitely many good extensions. Pick the B
or B’ that has infinitely many good extensions to be A, ;. Then by induction we

have constructed our sequence Ay, ..., A,,.

Now we take A such that A(x,;) = A,;(z;) for all ¢ > 1. Then A F F for all F € 8,

because we can take the largest index of a prop. var. that appears in F', and we know
that A extends a model of F, so AE F.

O

Ezample (an application of the compactness theorem):
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Proposition: Let G := (V, E) be a graph with V = {v, | ¢ € N}, and suppose that
every finite subgraph of G is k-colourable, then G is k-colourable.

Proof: For every v € V, introduce a propositional variabel z,, ; (v has colour 7).

E = \/ Ty, YveV
i=1
k-1 k

G, = /\ ﬂ(a:w» A :cw-) YveV
=1 j=i+1

k
Hu,v = /\ _'(xv,i A J"u,i) V(’U‘?’U) € E

Then let
8:=A{F,G,|veV}U{H,, | (u,v) € E},

and we claim that § is satisfiable iff G has a colouring (proof is easy).

Observe that any finite S C S “talks about” a finite subgraph of G; by assump-

tion, S’ is satisfiable. By the compactness theorem, S is satisfiable; therefore G
is k-colourable. O

3. 1st-order logic
3.1. Syntax

Definition 3.1.1: A signature, o, is a tuple of
 constant symbols (¢, d)

o function symbols (f, g)

« predicate symbols (P,Q, R)

with function and predicate symbols each having nonzero arity k.

We also keep a set of variables X = {x, x5, ...}, independently from the signature.

Definition 3.1.2: A g-term is defined by structural induction:
e every x is a term
e every c is a term

o if ty,...,t, are terms, then f(¢,...,t;) is a term (assuming f has arity k)
e nothing else is a term

Definition 3.1.3: A formula of 1st-order logic over ¢ is defined by structural induction.

e P(tq,...,t;) is an atomic formula for a k-ary relation symbol P and terms t;, ..., ¢
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o If F',G are formulae, and x € X, then the following are formulae:
e » oF FANG,FVG
» JaF (existential quantifier)

» VaF (universal quantifier)

Nothing else is a formula

Definition 3.1.4: For existential /universal quanitifiers 3xF / VxF, we say that F' is in
the scope of 3z / Vz, and moreover z is bound by 3z / V.

If a variable is not bound, it is free.

A formula with no free variables is a sentence, or closed.

TODO quantifier depth

3.2. Semantics

Definition 3.2.1: A g-structure or g-assignment A is a tuple consisting of:
e A non-empty universe U 4

o For every k-ary function symbol f, a function f, : UJ’Z — Uy,

o For every k-ary predicate symbol P, a k-ary relation P, C Z[fﬁl

o For every constant ¢, acy, € U,

o For every variable z, a z 4, € U .

Definition 3.2.2: For o-structure A and term ¢, we define the value of ¢t under A by
structural induction:

o Alc)i=cyely
o Alx)=z,€ly
o A(f(ts, ""tk)) = f/l(‘/l(tl)7 "'a"q(tk))

Definition 3.2.3: We define the satisfaction relation A F F' by structural induction:
o AF P(ty,....t;) iff (A(ty),...A(ty)) € Py

e AF-Fiff AFF

e AFFNGiff AFFand AFG

e AFFVGifft AFEFor AEG

o AFJzF iff thereisa € Uy st Ay F F

e ARVaF iff foralla € Uy, Apyq FF

Definition 3.2.4: A 1st-order logic formula F is satisfiable if there is a o-structure A
st. AFF.

F' is unsatisfiable if there is no such structure.
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Definition 3.2.5: Ist-order logic formulae F', G are equivalent (FF =G) if AFF < AF
G for all A.

Definition 3.2.6: 1st-order formulae are equisatisfiable if F' is satisfiable iff G is satis-
fiable.

3.3. Equivalences & Skolem form

Definition 3.3.1: A formula G is in Skolem form if G = Vz,Vz,..Vz F, where F is
quantifier-free.

Lemma 3.3.2 (Relevance Lemma): Let F' be a formula, and assignments A, A’ coinciding
on their interpretation of constants, function symbols, predicate symbols and variables
that are free in F. Then AF F iff A’ F F.

Remark: Propositional logic laws for logical equivalence still carry over, e.g. (=F A G) =
-FV-G.

Moreover, logical equivalence is still a congruence, e.g. FAG=F' NG’ iff F = F’ and
G=G".

Also, if F' =G, then Vo F = V2@, and JdzF = JzG.

Theorem 3.3.3:

Let F', G be formulae, then the following equivalences hold in 1st-order logic:

(a) =VaF =3Jx—F, -3z F = Vz—F (these allow us to establish a negation-normal form
for 1st-order logic)

(b) If  does not appear free in G, then
e VxFANG=Vz(FAG),VeF VG =Vz(FV Q)
e HFANG=32(FAG),IzFVGE=3z(FVG)

(c) VeF AVzG =Vz(F ANG), (JzF V 32G) = Fx(F V G)

(d) VaVyF = VyVzF, Jz3yF = JyFzF

Proof:
(a) Ak —VzF iff A¥VzF

iff Ay ,q ¥ F for some a € U,
it A, ,q) F —F for some a € U 4
ifft AEdz—F
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and similar for the second equivalence.
(b) AF (VzF)ANG it AEVzF and AF G

if, foralla e Uy, Ay, F Fand AFG
iff, for all a € U 4, Ay F F and A, F G

r—a r—a

(by the Relevance Lemma, since x does not appear free in G)
iff, for all a € U 4, Ay, FFANG
iff AEVz(FAG)

and similarly for the other equivalences.
(¢) TODO exercise
(d) TODO exercise

Definition 3.3.4: A formula G is in prenex form if
G=Qz,..Q,y,G", Q, € {3,V},

where G’ is quantifier-free.

Lemma 3.3.5: Any formula F' is equivalent to one in prenex form.

Definition 3.3.6: Let F be a formula, x a variable, and ¢ a term, then F[t/z] is a

substitution obtained by replacing every free occurrence of z in F' with t.

TODO define by structural induction.

Lemma 3.3.7 (translation-lemma): If ¢ is a term and F' a formula such that no variable
in ¢ occurs bound in F, then we have that A F F[t/x] iff Ay, 44y F F.

Proof: TODO, optional O

Lemma 3.3.8: Let F' = @ x G with @ a quantifier, and y a variable not occurring in G.
Then F = Q y Gly/z].

Proof: TODO |
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Definition 3.3.9: A formula is rectified if no variable occurs both bound and free at the
same time, and all quantifiers refer to different variables.

Lemma 3.3.10: Every formula is equivalent to a rectified formula, and moreover one in
rectified prenex form.

Proof: TODO by the lemmas above. |

Lemma 3.3.11: Let F = Vy, Vy,...Vy,32G where G is rectified. Let f be a fresh function
symbol of arity k, then F' is equisatisfiable with F’ := Yy, Vy,...Vy. G[f (Y1, .-, Y )/ 2]-

Proof sketch: Suppose A F F. We define A" extending A such that f 4 (aq,...,a;) :=

a, where a is such that A, o 1 1y sa,)iwesae F G-

Then A’ F F’. O

Remark: If £ =0, then f is a constant symbol.

Theorem 3.3.12: Any lst-order formula F' is equisatisfiable with a formula in Skolem
form.

Proof: We get F' in prenex form, and utilise Lemma 3.3.11 to eliminate existential
quanitifiers from left to right. O

Remark: The quantifier-free part of a Skolem-form formula is sometimes known as the
matrix of the formula.

3.4. Herbrand’s Theorem & Ground Resolution

Definition 3.4.1: A ground term (of o) is a variable-free term.

Definition 3.4.2: A o-structure J is a Herband structure if the following are true:
o Uy is the set of ground terms

e ¢4, = c for every constant symbol c
o For every k-ary function symbol f and ground terms t¢y,....tp, fg(ty,...,t5) =

f(tl’ "'7tk)
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Remark: The interpretations of constant and function symbols are just strings of
symbols.

Remark: The only thing we are free to choose is the interpretation of predicate
symbols.

Remark: The interpretation of a term in a Herbrand structure is H (t) = t.

Corollary 3.4.3 (translation lemma for Herbrand structures):

Ik Flt/a] iff H, 0 F F.

Theorem 3.4.4 (Herbrand's theorem): Let F = Vz,..z F* be a closed formula in
Skolem form. Then F' is satisfiable iff F' has a Herbrand model.

Proof:
“«<=": obvious.

“=": Suppose A F F. We define (¢, ...,t,,) € Py iff AF P(t,,...,t,). Then we show
that H is a model of F' by induction on the number of quantifiers k.

If k = 0, then F' is a Boolean combination of atomic formulae P (¢4, ...,t,,) for ground
terms tq,...,t,,. By construction, K F P(t,...,t;) iff AF P(ty,...,t;), so K k F, iff
AFEF.

Then suppose true for Skolem-form sentences with k quantifiers, and consider F'
with k 4+ 1 quantifiers, where F' = Vz,G. By the translation lemma, A F G[t/z,] iff
A sy F G. Hence A F G[t/z,] for all ground terms t. G[t/z,] is closed, so by the
iLh. # F G[t/z,] for all ground terms ¢. By the translation lemma, A}, ,,, F G for
all t € Uy, hence H F VG, . O

Corollary 3.4.5: For any formula with an uncountable model, there is a countable model.
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Definition 3.4.6: Let F = Vz,..Vz, F* be closed in Skolem form, and define the
Herbrand expansion E(F') to be

E(F) = {F*[t,/z]....[t,/x,] | t;,...t,, are ground terms}.

Remark: FEach formula in E(F) is a Boolean combination of atomic formulae. This
means that E(F) has a Herbrand model iff it is propositionally satisfiable, i.e. there is an
assignment to the set of closed atomic formulae that makes all formulae in E(F") evaluate
to true.

Theorem 3.4.7: A closed Skolem-form formula F := Vz,...Vz, F* is satisfiable iff E(F)
is satisfiable when viewing atomic formulae as propositional variables.

Proof:

F sat. iff exists a Herbrand model K of F', by Herbrand’s Theorem
it HEF
HE H 2 t]. o, otyn)) F F™ for all ground terms ty,...,¢,, € Uy,
ift 7 £ F*[t,/x4]...[t,,/2,], by the Translation Lemma for Herbrand structures
ifft Z{ E E(F) by defn of Herbrand expansion
iff E(F) is satisfiable, by Herbrand’s Theorem. O

Theorem 3.4.8 (Ground Resolution): A closed Skolem-form formula F' is unsatisfiable
iff there is a propositional resolution refutation of E(F').

Proof: TODO O

Remark:

To prove validity of F', we can provide a ground resolution refutation of G := —F.
e Transform into negation normal form

e Transform into rectified prenex form

e Skolemise

¢ Transform into CNF

e Do a propositional resolution proof on the Herband expansion

o If O is derived, then G is unsatisfiable, so F' is valid

Example:
Let F = (Vz(P(x) = Q(z)) A JzP(x)) — JzQ(x), G := —F.
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G

Vz(P(z) = Q(z) A JzP(z) A —32Q(x)

= Vz(—P(z) AN Q(x)) A JzP(z) A Vz—-Q(x)

= Vo(~P(2) V Q@) A FyP(y) A V2-Q(2)

= Vz3yVz((=P(z) V Q(z)) A P(y) A ~Q(2))

equisat w/ VaVz((=P(z) vV Q(z)) A P(f(x)) A —~Q(2)) =

Note that the set of ground terms is empty because there are no constant symbols.
However, we can introduce a fresh constant symbol a, and now the set of ground terms

is {a, f(a), f(f(a)),...}.
E(H) ={-P(A) Vv Q(A), P(f(a)), ~Q(a),~P(f(a)) vV Q(f(a)),~Q(f(a)), ...}

TODO resolution refutation

3.5. Natural deduction and sequent calculus in 1st-order logic

Definition 3.5.1: We introduce new natural deduction proof rules for quantifiers:

e Universal elimination:

VzA(x) VE
Alt/x]
e Universal introduction:
&VI
VzAlz/c]

where c is free and must not occur in any undischarged assumption on which the
deduction of A(c) relies.

« Existential introduction:

Alt/c]
Az Alz/c]

« Existential elimination:

[A(z)]

JzA(z) C
c

JE

provided that ¢ does not occur in C, and all assumptions [A(c)] must be discharged
when JE is applied.

Ezample:
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Va(P(z) = Q(z)) A3zP()] o
Va(P(x) A Q) g

P(a) = Q(c) PP g
Va(P(2) > Q(a)) A J2P()]! Q)
JzP(x) JzQ(x)
1 32Q(z) —I

(Vz(P(z) — Q(z)) A JzP(X)) — JzQ(x)

Definition 3.5.2: We extend the sequent calculus with new proof rules for quantifier.
e Universal quantification:

At), I = © VL , I'=06,4(a)

! VR
VzA(z), I = © I'= 06,VzA(z)

where the exclamation mark (!) indicates that a must not occur in I', ©.

» Existential quantification:

A, P=06 o I =6,40) 5
' dzA(z),I = O ' = 0,3zA(x)
Ezample:
P(a) = P(a)

P(a) = JzP(x)
VzP(x) = JzP(z)
= VzP(z) — 3zP(x)

TODO IMPORTANT: exercise 22 (ground resolution), 23 (natural deduction), 26 (sequent
calculus)
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